A method to obtain explicit and complete topological solution of SU (2) Chern-Simons theory on S 3 is developed. To this effect the necessary aspects of the theory of coloured-oriented braids and duality properties of conformal blocks for the correlators of SU (2) 
Introduction
Topological quantum field theories provide a bridge between quantum physics on one hand and geometry and topology of low dimensional manifolds on the other 1 . The functional integral formulation of such quantum field theories provides a framework to study this relationship. In particular, a class of topological field theories which are related to knot theory have attracted a good deal of attention in recent times. This started with the seminal work of
Witten who not only put the Jones polynomials 2 in a field theoretic setting, but also presented a general field theoretic framework in which knot theory could be studied in an arbitrary three-manifold 3 .
In SU ( be obtained 5, 6 . But unfortunately these relations can not be solved recursively to obtain the link invariants. Therefore there is a need to develope methods which would allow direct calcuations of expectation values of Wilson link operators with arbitrary representations living on the component knots. In refs.6, an attempt was made to develope one such method. This allowed us to obtain invariants for links that can be constructed from braids made of upto four strands. However, links related to braids with larger number of strands still stayed elusive. Another interesting method based on the construction of knot operators has also been developed 7 . It allows readily calculation of invariants for torus knots in an elegant way. However, the scope of this method also appears to be limited and it cannot be applied to obtain invariants for other knots.
In this paper we shall present a general and simple method of obtaining the expectation value for an arbitrary Wilson link operator in an SU(2)
Chern-Simons gauge theory on S 3 . The method can be generalised to other compact non-abelian gauge groups as well as to manifolds others than S 3 .
The SU(2) Chern-Simons action is given by :
where A is a matrix valued connection one-form of the gauge group SU(2).
The topological operators of this topological field theory are given in terms of Wilson loop (knot) operators :
for an oriented knot C carrying spin j representation. These operators are independent of the metric of the three-manifold. For a link L made up of oriented component knots C 1 , C 2 , . . . C s carrying spin j 1 , j 2 , . . . j s representations respectively, we have the Wilson link operator defined as
We are interested in the functional averages of these operators :
[dA]e ikS (1.5)
Here both the integrand in the functional integrals as well as the measure are metric independent 8 . Therefore, these expectation values depend only on the isotopy type of the oriented link L and the set of representations j 1 , j 2 . . . j s associated with the component knots. The partition function above is given
Z = 2/(k + 2) sin(π/(k + 2)).
The method of calculating the functional averages (1.4) developed in the present paper makes use of two important ingredients :
(i) The first ingredient is the intimate relationship that Chern-Simons theory on a three-manifold with boundary has with corresponding WessZumino conformal field theory on that boundary 3, 9, 7 . Consider a 3-manifold with a number of two dimensional boundaries (1) , (2) , . . . is then given as a state in the tensor product of these Hilbert spaces, ⊗ r H (i) .
The operator formalism developed in ref. 7 , gives an explicit representation of these states as well as determines the form of the inner products of vectors belonging to these Hilbert spaces. The conformal blocks of the SU(2) k WessZumino field theory on these boundaries (i) with punctures P (i) ℓ , ℓ = 1, 2, . . .
carrying spins j (i)
ℓ determine the properties of the associated Hilbert spaces
. In fact, these provide a basis for these Hilbert spaces H (i) . There are more than one possible basis. These different bases are related by duality of the correlators of the Wess-Zumino conformal field theory. We shall need to write down these duality matrices explicitly for our discussion here.
(ii) The second input we shall need is the close connection knots and links have with braids. Theory of braids, first developed by Artin, is generally studied for identical strands 10, 11 . What we need for our purpose here is instead a theory of coloured and oriented braids. The individual strands are coloured by putting different SU(2) spins on them. The necessary aspects of the theory of such braids will be developed here. In particular a theorem due to Birman 11 relating links to plats of braids will be restated for colouredoriented braids. This theorem along with the duality properties of conformal blocks of correlators in SU(2) k Wess-Zumino conformal field theory on an S 2 then will allow us to present an explicit and complete solution of SU (2) Chern-Simons gauge theory on S 3 . Alternatively, a theorem due to Alexander This paper is organised as follows. In section 2, we shall write down the duality matrices relating two convenient complete sets of conformal blocks for the SU(2) k Wess-Zumino conformal field theory on an S 2 with 2m (m = 2, 3, . . .) punctures carrying arbitrary SU(2) spins. Next, in section 3, the required aspects of the theory of coloured-oriented braids will be developed.
A theorem due to Birman 11 relating oriented links with plats will be restated for plats of coloured-oriented braids. Alexander's theorem 16 relating closure of braids with oriented links can also be restated for coloured-oriented links.
In section 4, a class of representations of the generators of braid groupoid will be presented. These ingredients then will allows us to write down the complete and explicit solution of SU(2) Chern-Simons theory on S 3 . This will be presented in terms of a theorem which gives the expectation values of
Wilson link operators (1.4) in terms of properties of the plat of a corresponding coloured-oriented braid. This main theorem and the sketch of its proof has already been announced in ref. 17 . Here we are presenting the details of the proof as well as discussing some other implication of the theorem. For example, a corresponding theorem which alternatively yields the link invariants in terms of closure of oriented-coloured braids will also be present in section 4. Next in section 5, we shall illustrate how the main theorem can be used to write down the link invariants. This we do by discussing a multicoloured three component link, the Borromean rings. In section 6, a few concluding remarks will be made. Appendix I will contain explicit formulae for the duality matrices in terms of q-Racah coefficients of SU (2) Four-point correlators for primary fields with spins j 1 , j 2 , j 3 and j 4 (such that these combine into an SU(2) singlet) can be represented in three equivalent ways. Two such ways are given by figs.1(a) and (b). In the first, each of pairs of spins j 1 , j 2 and j 3 , j 4 is combined into common spin j representations according to the fusion rules of the SU(2) k Wess-Zumino model.
Then these two spin j representations combine to give singlets. For sufficiently large values of k, allowed values of j are those given by group theory: max(|j 1 − j 2 |, |j 3 − j 4 |) ≤ j ≤min(j 1 + j 2 , j 3 + j 4 ). In the second equivalent representation for the four-point correlators spins (j 2 , j 3 ) and (j 1 , j 4 ) are first combined into common intermediate spin ℓ representation and then two spin ℓ representations yield singlets, with max(|j 2 − j 3 |, |j 1 − j 4 |) ≤ ℓ ≤ min(j 2 + j 3 , j 1 + j 4 ) for sufficiently large k. These two sets of linearly independent but equivalent representations will be called φ j (j 1 j 2 j 3 j 4 ) and
respectively. These are related to each other by duality :
where the duality matrices a jℓ j 1 j 2 j 3 j 4 are given 15, 19, 6 in terms of q-Racah coefficients for SU(2) q . We have listed these and some of their useful properties explicitly in Appendix I. This fact that these two bases are related by q-Racah coefficients is not surprising. The representation theory of for integrable representations of SU(2) k Wess-Zumino field theory is the same as that of SU (2) q with the deformation parameter as q = exp(2πi/(k + 2)).
The duality transformation (2.1) can be successively applied to obtain duality properties of higher correlators. In particular, we shall be interested in the two equivalent sets of correlators for 2m primary fields with spin 
where the duality matrices are given as products of the basic duality coefficients for the four-point correlators (2.1) as
and spins j 1 + j 2 + . . . + j 2m−1 = j 2m and the spins meeting at trivalent points in fig.2 satisfy the fusion rules of the SU(2) k conformal field theory.
Using the properties of the matrices a jℓ j 1 j 2 j 3 j 4 as given in Appendix I, we can readily see that the duality matrices (2.3) satisfy the following orthogonality property :
The proof of Theorem 1 is rather straight forward. It can be developed by applying the duality transformation (2.1) successively on the 2m-point correlators. For example, for 6-point correlators, represented by φ (p 0 p 1 p 2 ) and φ ′ (q 0 q 1 q 2 ) , are related by a sequence of four duality transformations each involving four spins at a time as shown in fig.3 . Thus
where
which are related by a sequence of seven four-point duality transformations as shown in Fig.4 , we have
Clearly, in this manner Theorem 1 for arbitrary 2m-point correlators follows.
These duality properties will be made use of in sec.4 to obtain the solution of SU(2) Chern-Simons theory. But before we do that, we need to discuss the other ingredient necessary for our purpose. As stated earlier, this has to do with the theory of coloured-oriented braids.
Coloured-oriented braids
An n-braid is a collection of non-intersecting strands connecting n points on a horizontal plane to n points on another horizontal plane directly below the first set of n points. The strands are not allowed to go back upwards at any point in their travel. The braid may be projected onto a plane with the two horizontal planes collapsing to two parallel rigid rods. The overcrossings and under-crossings of the strands are to be clearly marked. When all the strands are identical, we have ordinary braids. The theory of such braids is well developed 10, 11 . However, for our purpose here we need to orient the individual strands and further distinguish them by putting different colours on them. We shall represent different colours by different SU(2) spins.
Examples of such braids are drawn in Fig.5 . These braids, unlike braids made from identical strands, have a more general structure than a group. These instead form a groupoid 20 . Now we shall develop some necessary elements of the theory of groupoid of such coloured-oriented braids.
A general n-strand coloured-oriented braid will be specified by giving n
..n representing the spin j i and orientation ǫ i (ǫ i = ±1 for the ith strand going into or away from the rod) on the n points on the upper rod and another set of n spin-orientation assignmentŝ
on n points on the lower rod as shown in fig.6 . For a spinorientation assignmentĵ i = (j i , ǫ i ), we define a conjugate assignment aŝ
The shaded box in the middle of the figure represents a weaving pattern with various strands going over and under each other. Such a braid will be represented by the symbol B ĵ 1ĵ2 . . .ĵ n ℓ 1l2 . . .l n .
Composition : Unlike usual braids made from identical strands, the composition for two arbitrary coloured braids is not always defined. Two such braids B
(1)
can be composed only if the spin-orientations at the merged rods match, that is, the composition
Generators : An arbitrary coloured-oriented braid such as one shown in fig.6 can be generated by applying a set generators on the trivial (no
shown in fig.7 . Unlike the case of usual ordinary braids, here we have more than one "identity" braid due to the different values of spin-orientation assignmentsĵ 1 ,ĵ 2 , . . .ĵ n placed on the strands. The set of n − 1 generators B ℓ , ℓ = 1, 2, . . . n − 1 are represented in fig.7 . By convention we twist the strands by half-units from below keeping the points on the upper rod fixed. Thus the generator B ℓ introduces from below a half-twist in the anti-clockwise direction in the ℓth and (ℓ + 1)th strands.
Like in the case of usual ordinary braids, the generators of coloured-oriented braids satisfy two defining relations :
These relations are depicted diagrammatical in figs.8(a) and (b) respectively.
We shall present a whole class fo new representations of these generators in the next sec.4. These in turn will finally lead to new link invariants.
Platting of an oriented-coloured braid: Like in usual case of braids 11 ,
we may introduce the concept of platting of a coloured-oriented braid. Consider a coloured-oriented braid with even number of strands with spin-orien- This theorem can as well be stated for our coloured-oriented braids :
Theorem 3. A coloured-oriented link can be represented, though not uniquely, by the closure of an oriented-coloured braid
In the following we shall see that Theorem 1 with Theorem 2 or 3 provide a complete solution to SU(2) Chern-Simons gauge theory on an S 3 .
4. Link invariants from SU(2) Chern-Simons theory.
To develope a method of calculating the expectation value of an arbi- 
The two primed and unprimed bases are related by duality of the conformal blocks given by Theorem 1 :
with duality matrices as in eqn. (2.3).
The Chern-Simons functional integral over the three-manifold of fig.11 may now be written in terms of one kind the above bases :
Here we have put superscripts (1) and (2) on the bases vectors to indicate explicitly that they belong to the vector spaces H (1) and H (2) respectively. Now notice glueing two copies of this manifold along two oppositely oriented boundaries, each an S 2 , yields the same manifold. Hence
, so that the functional integral over the three-manifold of fig.11 can be written as
Equivalently we could write this functional integral in terms of the primed basis using (4.2) and orthogonality property of duality matrices (2.4) as
The conformal blocks φ (p;r) (j 1 . . . j 2m ) as shown in fig.2(a) 
The eigenvalues of the half-twist matrices depend on the relative orientation of the twisted strands :
where c j = j(j + 1) is the quadratic Casimir for spin j representation. When ǫǫ ′ = +1 above, the two-strands have the same orientation and the braid generator introduces a right-handed half-twist as shown in fig.12a . On the other hand for ǫǫ ′ = −1, the two strands are anti-parallel and the braid generator introduces a left-handed half-twist as shown in fig.12b . Thus λ 
and
..ĵ * 2m
. . .
. . . . . .
Using the identities given in Appendix I, these can readily be verified to 
where the spins (j 1 , j 2 , j) are related by the fusion rules of the conformal field theory.
For spin 1/2 representation using skein relations we can obtain
where square brackets define q-numbers
Using this along with V 0 [U] = 1, the invariant for unknot U can be seen to be given by the q-dimension of the representation living on the knot fig.14(a) . We write
Then the Chern-Simons normalized functional integral over this three-ball is
This functional integral allows us to obtain a result equivalent to . . .ĵ 2ĵ1 constructed by adding m untangled strands as in fig.15 , by
Here the 2m-strand braid is written as a word in terms of the braid generators 
Applications of the main theorem
To illustrate the use of the main Theorem 5, let us calculate the invariant for Borromean rings. This link is made from three knots. We shall place spin j 1 , j 2 and j 3 on these knots. introduces right-handed half twists in anti-parallel strands:
Next we apply B 3 ( which introduces a left-handed half-twist in the antiparallel strands) on this vector. For this we change the basis back to |φ (m) > through duality transformation. Repeating such steps, we finally have using Theorem 5, the invariant for the Borromean rings of fig.16 as
Similarly the knot invariants for example, for all the knots and links list in the tables given in Rolfsen's book 18 may be calculated. We shall present the result of such calculations for knots upto eight crossings and two-component links upto seven crossings in Appendix II. Some of these invaraints were calculated earlier in refs.6.
Concluding remarks
We have here presented an explicit method for obtaining the functional Theorems 5 and 6 can also be used for an efficient calculation of the invariants on a computer.
The method developed has an obvious generalizations to other compact semi-simple gauge groups. It can also be extended to study Chern-Simons gauge theory on three-manifolds other than S 3 .
Appendix I
Here we list the duality matrix a jℓ j 1 j 2 j 3 j 4 relating the two bases of fourpoint correlators of SU(2) k Wess-Zumino field theory as shown in fig.1 . We shall also give some of their useful properties. These duality matrices are given in terms of q-Racah coefficients as 19, 6 :
Here the triplets(jj 1 j 2 ), (jj 3 j 4 ), (ℓj 1 j 4 ) and (ℓj 2 j 3 ) satisfy the fusion rules of the conformal theory:
The phase in (A.1) is so chosen that it is real; (j 1 + j 2 + j 3 + j 4 ) is always an integer.
The SU(2) q Racah-Wigner coefficients 15 are :
Here the square brackets represent the q-numbers
. The SU(2) spins are related as
The q-Racah coefficients above satisfy the following properties 15 : Interchange of any two columns of j 1 j 2 j j 3 j 4 ℓ leaves it unchanged. Further
where C j = j(j + 1).
Using these we see that the duality matrices satisfy the orthogonality and symmetry properties as :
Eqn. (A.14) reflects the generating relation of the braiding generators
. Both (A.13) and (A.14) follow immediately from the applications of the identity (A.7).
The q-independent phases in the eigenvalues λ (±) ℓ (j 1 j 2 ) of the braiding matrices given in eqn. (4.5) and also that in the duality matrix (A.1) are somewhat ambiguous. The choice we make here is differs from that in refs.6.
We have chosen these phases in such a way that λ
The braiding relation (A.14) is not sensitive to this ambiguity of phases. However, these phases are relatively fixed by requiring some consistency conditions.
One such condition is obtained by gluing a copy each of the manifolds shown in figs.14(a) and (b) for m = 2 (and with j 1 = j 2 = j) along their oppositely oriented boundaries. This yields an unknot U carrying spin j in an S 3 . Thus we have, using eqns.(4.8,10) for m = 2 and j 1 = j 2 , the consistency condition:
Another consistency condition is eqn. (A.13). This reflects the equality of Chern-Simons functional integrals over two three-balls as shown in fig.17(a) .
A weaker condition on λ The duality matrices for some low values of j can easily computed explicitly . For example,
[2]
The general duality matrix a (p;r)(q:s) for 2m-point correlators of WessZumino conformal theory as depicted in figs.2 are given by eqn.(2.3) of Theorem 1. Using above four-point duality matrices, these can be shown to satisfy the orthogonality and symmetry properties expressed in eqns.(2.4) .
Further the some special values of these 2m-point duality matrices are
Further a useful identity is :
Here r −1 ≡ 0.
Appendix II
It may be worthwhile to present a tabulation of the new invariants for knots and links. This we present now for knots and links with low crossing numbers as listed by tables of Rolfsen 19 . The naming of knots and links will be given as in this book which reads clearly the crossing number (as the minimal number of double points in the link diagram). We shall not present the link diagrams as shown in these tables but instead give their plat representations so that Theorem 5 can readily be used to write down the invariants.
IIA. Knots: In this subsection invariants for knots upto crossing number eight will be given. All knots will carry spin j representations and we shall shorten the notation for eigen values of the braid matrix introducing righthanded half-twists in parallely and antiparallely oriented strands and also the duality matrices as :
The plat representation of knots studied here are given in fig.19 and their knot invariants V j using Theorem 5 are as follows :
−2 a rq a pq a pn a mn 8 14 :
In the expressions above all the indices are summed over positive integers from 0 to min(2j, k−2j) . In these calculations we have made use of identities Notice for q = 1 (which corresponds to k → ∞ ), the invariant for any knot is simply the ordinary dimension of the representation living on it,
Change of orientation does not affect the knots and invariants do not depend on the orientation. Thus orientation for knots may not be specified.
However, mirror reflected knots are not isotopically equivalent in general.
For any chiral knot in the above list, the invariant for the obverse is obtained by conjugation which amounts to replacing various braid matrix eigen values fig.20 where we have given plat representations of these links.
We have also placed spin j 1 and j 2 representations on the components as indicated. Then from Theorem 5, the invariants V j 1 j 2 for these links are : where r = ±1, s = ±1.
For mirror reflected links, the invaraints are obtained by conjugation.
Notice for q = 1 (that is, k → ∞ ), every one of these invariants reduces to the product of the ordinary dimensions of the representations placed on the two component knots, V j 1 j 2 (q = 1) = (2j 1 + 1)(2j 2 + 1). 
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